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The kinetics of diffusion in a spherical pellet saturated by a sorbate in the presence of
an inert component are considered for the case of a step isotherm. A new convective
flux inside the pores due to sorption effect has been taken into consideration, and an
analytical expression for sorption kinetics is obtained. The convective flux may result in
considerable increase in the sorption rate. It is also found that the formula obtained
also gives a satisfactory description of sorption kinetics for the case of an S-shaped

isotherm.

Introduction

The knowledge of an analytical expression for sorption ki-
netics in a pellet is very valuable in calculating adsorption
separation processes. The reason is that the numerical com-
putation of mass and heat balances equations for each gran-
ule, in addition to the balances for the bed, greatly compli-
cates the task. In the present work adsorption kinetics of a
spherical pellet saturated by sorbate in the presence of an
inert component for the case of a step isotherm has been
investigated. Such a type of isotherm can be considered as an
extreme variant of S-shaped isotherm (Figure 1) and was
classified as type V (Brunauer et al., 1940). Such isotherms
describe the behavior of adsorptive systems with large inter-
molecular attraction effects, such as sorption of water vapors
on activated carbon (Stoeckli et al., 1983), or sorption of
phosphorous vapors on zeolite NaX (Barrer and Whiteman,
1967). In many cases of practical importance S-shaped
isotherms could be more or less successfully approximated by
a step isotherm (Figure 1):

0 when c<c*
a=f(c)=<a0 when ¢ > ¢*

¢y

Most notably, however, the step isotherm describes the be-
havior of the systems: hydrogen and a hydride-forming metal
(intermetallic compound) which have recently been increas-
ingly used in the hydrogen energy technologies because of
their ability to absorb hydrogen and its isotopes quickly, re-
versibly, selectively and copiously (Alefeld and Volkl, 1978).
These systems possess a characteristic hydride-forming pres-
sure at which almost a complete saturation of the sorbent
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Figure 1. S-shaped sorption isotherm (1); its approxi-
mation by a step isotherm (2).

takes place and which is an exponential function of inverse
temperature.

The total flux in a porous sorbent may be given to a high
degree of approximation by the sum of the individual fluxes:

J=igtistis 2

where j, and j, are fluxes due to gaseous and surface diffu-
sion, respectively; and j, is a viscous flow due to a gradient
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of total pressure. Furthermore, we assume that the gas
molecules are a continuum, transport by surface diffusion is
negligibly small, and there is a constant pressure inside a pel-
let. Even though pressure is assumed to be constant, in solv-
ing the problem we shall introduce the convective flux and
accordingly, the expression for the total flux of sorbate inside
the pore of a pellet may be rewritten as a sum of diffusive
and convective flux terms:

. dc
]:_D.E+U'C 3

The convective flux should be taken into account in heteroge-
neous processes occurring when the number of moles of sub-
stance in gaseous phase changes. Thus, Crank (1975) consid-
ered a diffusive transport in the two regions separated by a
plane surface. The process of diffusion may cause changes
which bring about the disappearance or appearance of mat-
ter at the interface, and hence a resulting bodily movement
of the matter in one or both regions relative to the interface.
To avoid introducing a convective term in the treatment, the
coordinate systems in both regions were specified so that the
positions of the interface remained stationary with respect to
each medium, correspondingly.

Frank-Kamenetskii (1969) also emphasized that if a het-
erogeneous reaction is accompanied by a change in volume,
there will, inevitably, be a general flow of the reacting mix-
ture in the direction normal to the surface at which the reac-
tion is taking place. He evaluated the diffusion rate change
by adding this convective current term to the diffusion flux.
He also considered the condensation of vapors in the pres-
ence of noncondensing gases and showed that the convective
flow may considerably alter the rate of condensation.

In case of adsorption in porous medium, the presence of a
convective term in Eq. 3 means that because sorbate leaves
gas phase, there is a general movement of the gas through
the pores. For the sake of clarity, it should be noticed here
that sometimes a term, called also a convective flux, is added
in the right part of Eq. 1 (Yang, 1987). This term is due to
diffusion and allows for the net diffusive flux in the pores. It,
however, is negligibly small and may be omitted for equal
countercurrent diffusion in large pores (Mason and Malin-
auskas, 1983).

Analytical Pseudo-Steady-State Solution

Let us consider the sorption kinetics in the presence of an
inert component. As defined above, the problem will be
treated for adsorbent with large pores so that there is no
hydrodynamic resistance to convective flow.

Under the assumptions mentioned above, the sorbate dif-
fusion equation in a spherical pellet is:

dc da 1 d( 2.4 @
___+—=_— — Fce
or or r?or J

where the flow j is determined by both diffusion and convec-

tion inside the pores of a pellet in accordance with Eq. 3.
After substituting Egs. 1 and 3 into 4 one may obtain:

r ar

, dc 1 @ . dc
[1+f(c)]3;=—2—5[r (D—"—U'C) 3
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Similarly, the diffusion equation for an inert component is:
alc,—c) =i_ﬁ_[r2(l)a(c0—c)

ar r? or ar

—vc,— c)” (6)
where (c,) is the overall molar concentration of gas. At con-
stant temperature and pressure ¢, = const, and the addition
of Egs. 5 and 6 results in:

, dc ¢, 4 ,
f(c)—1_=r—2‘;(l)'r ) N

The set of Egs. 5 and 7 may be solved for ¢ and v, having
determined appropriate initial and boundary conditions.

In the case of a step isotherm, a core saturation of the
pellet takes place, that is, there exists a sharp boundary be-
tween saturated area and area free of sorbate in granule. The
solution of such a moving boundary problem may often be
obtained by using a pseudo-steady-state approximation
scheme (Levenspiel, 1962). Let us assume that the rate of
movement of the sorption interface is very much lower than
the rate of gas-phase diffusion. In this case, the boundary
between saturated and the region free of sorbate can be taken
to be stationary at any time and a steady-state diffusion prob-
lem solved in a corresponding region determines gas-phase
concentration profile of the sorbate.

Using the above approach and letting £ be the radius of
the sorption front, integration of the diffusion Eq. 4 over the
front [ £ —0; £ +0] gives:

dc dc o€
(—D-—+u- c) —(—D-—+v-c) =q, —
ar le+o ar £-0 ar

(8)

Since in the region £ <r < R, sources of mass are absent,
we have:

R%/r* when¢é <r<R,

0 when r < ¢ ©

o(r) = { Yo

Taking into account vl,, o= 0,. R2/£% and clgpo=c", the
equation for the sorbate flux balance at the point £ may be
written as

ac v, R? . o€
—D';|§+0+—§—2—C =q ; (10)

o

As may be seen from Eq. 10, the total mass flux of sorbate
towards the sorption boundary is equated to the rate of dis-
appearance of the unsaturated solid phase. The diffusive flux
in the region r < ¢ is clearly zero. Functions c(r) and (v - r?)
are sketched in Figure 2 as solid and dashed curves, respec-
tively.

The diffusive flux of sorbate at r= £ +0 may be deter-
mined by solving a stationary equation of diffusion in the area
£ <r <R, with corresponding boundary conditions:

L2 p.2 2| =0 a1
—_— — - + . . E
r2 or ar v c) g
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Figure 2. Sorbate concentration profile in gaseous
phase ¢ (solid curve) and convective flux ve-
locity (as v-r? function, dotted curve) vs. ra-
dial granule coordinate for a case of a step
isotherm.

clyag,=cpscl,_g=c* (12)

Using the relation 9, Eq. 11 may be rewritten as

F] ac
—(*—D'rz'*'f‘Rz'Ug.C):O (13)
ar ar

An analytical solution of Eq. 13 with boundary conditions 12
is:

B c* —cprexply(1=1/m)]+(cg— e*)-exply(1-1/R)]
B 1—exply(1-1/9)]

c

(14)

where R=r/R,, y=v,"R,/D, and n=§&/R, is the dimen-
sioniess radial coordinate of sorption front. After substituting
Eq. 14 into Eq. 10 one may obtain:

v, (cp—c™) [yl —1/m)] v, c*
—_—— . —_ —+
7 Toeply(-im) TPV TR
d§ R,a,dn
A o 15
“ar T ar (19

To integrate Eq. 15 it is necessary to determine the value
of convective flux velocity v, on the external surface of the
pellet. Integrating Eq. 7 over the granule radius gives:

d (R

7o 4-q-rioa-dr=—4-mw-c, (v, RE—(v-r?),¢]
(16)

The left side of Eq. 16 represents the value of sorption rate

per pellet which in the case of core saturation is 4 7ra,d&/dr.
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Using this we come to an expression for the value of v,:
Uy = et s an

Solving Eqgs. 15, 17 about v, and £, we obtain the equation
for determination of the location of the dimensionless sorp-
tion interface coordinate 7 as a function of time:

o D Co —Cgr

—_— Qn
Co 1’1(71_1) CO—C*

Sy
&

Dividing variables and integrating this equation over time
from 0 to 7 and over radius from ¢ to R,, we obtain an
expression reflecting the dependence of an adsorption front
coordinate on time when one or both of the external sorbate
concentration ¢y or the temperature-dependent value of c*
is changing:

*

c,—¢

dr (18)

I =3t +1=6-2 .95 [n

a, R; 7o ¢,—cp
It is interesting to note that Frank-Kamenetskii (1969) ob-
tained a similar logarithmic quantity which accounts for the
process rate change due to convective flux for the cases of
heterogeneous reaction with the participation of condensed
phase and for condensation of vapors in the presence of non-
condensing gases.

Let us now estimate the contribution of the convective flux
to the total flux of sorbate inside a pellet. Assuming that cp
and ¢* are constant values, the time corresponding to a com-
plete saturation of a pellet T (at 5 =0) can be readily deter-
mined from integrating Eq. 18:

ay*R? 1
" 6c,oD In[(c,—c*)/c, ~cp)l

For the case of a rectangular (irreversible) isotherm when
convective flux effect is not taken into consideration, there is
a well-known formula for saturation of a pellet (Dedrick and
Beckman, 1967):

cg*D
2P =3P +1=6—— -
aO.RO

T

It may be shown that when replacing a rectangular isotherm
by a step one, the above formula transforms into

(cg—c*)D

2
a, Rj

29 =392 +1=6 T (19)

with the time of a complete pellet saturation 7*

ayR?2 1
6D  (cp—c*)

The contribution of the convective flux to the total flux of
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sorbate inside granule pores may be represented by the value
of T/T', which is the ratio of times of a full pellet saturation
when convective flow effect is involved and when it is not:

L LY. 20)
T = @ T ¢

where I'* =1-c*/c,, [ =1~ cp/c,. The convective flux as
it is seen from Eq. 20 and Figure 3 may result in a consider-
able sorption rate increase. Its contribution to the total flow
increases with increasing c¢*, corresponding to the breakpoint
of the isotherm, as well as with an increase of the initial sor-
bate concentration cg. Thus, for example, at ¢* =0 and
cr/c,=0.6 a complete saturation of a pellet is achieved 1.5
times faster than when the convective flux is absent (T/ T’ =
0.66), whereas at ¢* = 0.9 and ¢z /c, = 0.8 the above value is
equal to about 7 times (T/ T’ = 0.14). If the adsorptive com-
ponent is highly diluted with an inert gas (¢*, ¢ < ¢,) both
I'* and Ty are far less than unity. Calculations with Egs. 18
and 19 coincide, and the influence of convective flow on the
adsorption rate is negligibly small.

The other limit is when the concentration of adsorptive cp
is approaching the total concentration in the gas phase c,.
We see from Eq. 18 that if one switches to pure adsorptive
component at time zero (cg/c, = 1), the adsorption becomes
instantaneous. This is because of the steady-state approxima-
tion used, which takes a steady-state gas-phase concentration
profile to obtain solution. This approach is not valid when
the concentration of sorbate ¢y is approaching the total con-
centration in the gas phase c¢,. In fact, when ¢, =c, (pure
adsorptive component on the external surface of the pellet)
the steady-state solution predicts no mass transfer in the gas
phase that causes an instantaneous advancement of the ad-
sorption interface in the pellet. To illustrate the limited ap-
plicability of the steady-state approximation, Figure 3 also
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N
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Cr/Ca
Figure 3. Dependence of T/T' value on concentration
cp (solid curves) at various values of ¢*: 1—
c*=0;2-¢*=0.2-¢,;3—-¢c*=04 - ¢c,; 4—
c*=0.6-c,; 5—-c*=0.8"-c,.
Circles represent the data obtained from numerical calcula-

tions for values of T corresponding to time of 99.5% pellet
saturation.
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shows the results obtained from a direct numerical integra-
tion of the nonsteady-state problem (see next section for de-
tails). The value T in this case corresponds to the time of
99.5% pellet saturation. One can see that there is a good
agreement between a numerical solution and analytical cor-
relation 18 except for the region of high relative adsorptive
concentrations (cg/c, > 0.95).

Numerical Calculations

In order to verify Eq. 18, a set of Egs. 5 and 7 was solved
using numerical methods. For this, the equation of diffusion
5 was rewritten as:

dc 1 1 2(D dc 21)
ar 1+ dasde r? r ar e
In the case of a step isotherm 1:
da/dc = a - 8(c — c*), (22)

where & is Dirac function, moreover,
1
f 8(c—c*)dc=1 (23)
0

To obtain a numerical solution, the delta function in Eq. 21
was smoothed and the derivative in Eq. 21 was replaced by
the approximating function:

(e-ct) 24)
dc  2mo, xP 270

da 1

for which condition 23 is true. This provided a conservative
solution (Samarsky, 1971), while allowing use of numerical
grid methods.

The set of Egs. 7 and 21 with the use of Eq. 24 was solved
by the finite difference method with the implicit scheme and
adaptive grid generation (Thompson et al., 1985).

Initial and boundary conditions were chosen as following:

r=0 dc/or=0,v=0;

r=R, c=c(7);

=0 a(r,0)=c(r,0)=0(r,0)=0

As an example, in Figure 4 the gas-phase sorbate concentra-
tion profiles as calculated vs. radial granula coordinate are
shown at various instants of time. It was found that at ¢, =
0.015 (Figure 4a), the isotherm with Eq. 24 as its da/dc
derivative approximates a step isotherm quite well, still pro-
viding a rather accurate numerical solution. The dashed lines
in Figure 4 represent the adsorption front coordinate calcu-
lated on Eq. 18 at corresponding values of time 7/ T. Numer-
ical calculations were conducted both for constant concentra-
tion ¢y, on the external boundary of a pellet, and also with cg
varied according to several power functions. Calculations at
time-dependent concentration ¢* simulating nonisothermal
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Figure 4. Gas-phase sorbate concentration profiles as
calculated for two isotherms with (a) o, =
0.015; (b) o, = 0.10 at various instants of time.

1-7/T=015 2-7/T=115 3—-7/T=330; 4—7/ T =
6.65. cxg=08+c,; ¢*=04-¢c,; a,/c,=70. Dashed lines
show the adsorption front coordinate calculated on Eq. 18.

conditions were also carried out. It is found that the formula
18 describes the data of a numerical solution quite ade-
quately (Figure 5) except for the region of high relative con-
centrations of adsorption for the reason discussed in the pre-
vious section.

We also applied formula 18 for describing sorption kinetics
in the case of an S-shaped isotherm, because parameter o,
in the approximation function 24 determines the “dispersion”
of isotherm. Calculations carried out at various values of o,
show that formula 18 adequately describes sorption kinetics
not only for a step isotherm but also may be used for calcula-
tion of adsorption kinetics for systems having S-shaped
isotherms. As an example, in Figures 4b and 5 sorption
isotherm calculated from Eq. 24 for parameter o, = 0.10 was
used to calculate concentration profiles dynamics and sorp-
tion kinetic curves. Those obtained by numerical calculation
agree well with those from the formulae 18 and 19.

Thus, in this work the analytical expression for calculation
of sorption kinetics in the case of a step isotherm has been
obtained. Convective flux was found to result in a marked
increase in the sorption kinetic rate. The formulae obtained
also satisfactorily describe sorption kinetics for case of S-
shaped isotherms.
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Figure 5. Calculated on Eq. 24 S-shaped isotherms (a);
corresponding sorption kinetic curves (b).
1,2-numerical calculations; 3,4-calculations for the case of a

step isotherm on Eq. 18 and 19, respectively. 1 - o, = 0.015;
2-0,=0.10. cg=08-c,,c* =04-¢,; a,/c,=70.

Notation

a = concentration of sorbate in solid phase
a, =concentration of sorbate in solid phase corresponding to a com-
plete saturation of solid phase
¢ =concentration of sorbate in gaseous phase
¢* =concentration of sorbate in gaseous phase at which a complete
saturation of sorbent occurs in case of a step isotherm
¢, =total concentration in the gas phase, adsorptive component +
inert
cp=cl,_p = concentration of sorbate in gaseous phase on the
external surface of the pellet
D =effective pore diffusivity
j=flow of sorbate inside the pores of a pellet
r =radial pellet coordinate
R, =pellet radius
R =r/R, = dimensionless pellet radius

T/ T' =ratio of the times of a complete pellet saturation when convec-

tive flux effect is involved and when it is not, respectively
v =convective flux velocity inside pellet pores
U, =vl,.g =value of vat r=R,

Greek letters

¥ =0, Ro/D

n=§¢/R, = dimensionless sorption front radial coordinate
& =sorption front radial coordinate

T =time
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